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XLVII 


THEOREMS RESPECTING ALGEBRAIC ELIMINATION, 
CONNECTED WITH THE QUESTION OF THE POSSIBILITY 
OF RESOLVING IN FINITE TERMS THE GENERAL 
EQUATION OF THE FIFTH DEGREE 


[Phil. Mag. vols. vi (1836), pp. 538-43 and Ix (1836), pp. 28-32.] 


Theorem I. If x be eliminated between two equations, of the following forms, namely, Ist, an 
equation of the fifth degree, of the form 

0=2°+Dz+H, (1) 
in which the roots are supposed to be all unequal, and the coefficients D and Æ to be, both of 
them, different from 0, and, 2nd, an equation of the form 

y=Qx+f(x), (2) 

in which f(x) denotes any rational function of x, whether integral or fractional, 

M'ar + M" xr’ + &e. 

FOR ae + Roa + be. (3) 
and if, in the result of this elimination, which will always be an equation of the fifth degree 
in y, of the form 0=y45+A'yt+ B'y?+0'y2+ D'y+B', (4) 
we suppose that the coefficients are such as to satisfy, independently of Q, the second as well 
as the first of the two conditions A'=0, Cap ; (5) 


in virtue of the values of the constants 

ME IM E S, et, Es ee aN! E a ER o Eak (6) 
in the rational function f(x); I say that then those constants (6) must be such as to admit of 
our reducing that rational function to the form 
f(x)=qx + (x5 + Dx + E). p(x), (7) 


q being some new constant, and ¢(x) being some new rational function of x, which does not 
contain the polynome 2°+ Dx + E as a divisor. 

Demonstration.—Let x, £a £3 X4 £; denote the five roots of the equation (1), which are supposed 
to be all unequal among themselves, and different from 0; and let us put for abridgment 


fæ- flea) =h Hea) — fles) = hy 


flea) — 72 flats) = hay fie) -FS es) =I (8) 
fle) _ ee. 
Pe Q+q=Q. 
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We shall then have 


S(@)=hy+ gt, f(%_)=hy+ ee, } (9) 


S(@s)=hgt+ Xs, f(%4)=hyt+ qr, f(X3)=9%s, 
and the result (4) of the elimination of x between the equations (1) and(2), may be expressed 


as follows: 9 = (y— Qa, —hy) (y—Q'za— ha) (y— Q%g— hg) Y- Q'a) Y- QR). (10) 
Comparing (10) with (4), and observing that the form of the equation (1) gives the relations 
0=x +t +t FT41 + T, (11) 

O= 21 Hq + Lolz + Hy q+ Lyly +L Xy + LiLg t+ Laty t tgl +Lati tT; To, (12) 


O = 21 La lg + LzLg Lg + Lys Lyly Ly + Wy Lyla + Ly Nyy + Lalay + Lgl Ly H LaL Lat LyLiTa, 
we easily find these expressions for A’ and C’, namely, pi 
A’ = — (ħi +h + hg + h4), (14) 
and C = —Q (hy x? + hax? + hg x3 + hax?) 
+Q y ho(X1 + £2) +ħıhg(£1 +23) +hyhq(x, +24) } 
+ hghg(X2+ £3) + ħohalXo +24) +hghs(%y+2,) 
—(hyhghgt+hyhghythyhghyt+hghgh,). (15) 
If, then, the coefficient C’, as well as A’, is to vanish independently of Q, and consequently 
of Q’, we must have the four following equations: 


O=hythethegthy; (16) 
0=h 2? + hax? + hax? + h,x3; (17) 

0 = hy ħo(£1 + £2) + hyhg(xy +23) +ħrhalty +24) +ħohg(£a +23) + hohto +24) +hghal(xz + x4); 
(18) 
O=hyhohgthyhohythyhghythohghy; (19) 

which give, by elimination of h,, i 

0 = hy (xj — xf) +ha(x3— x3) + ha(x3 — x3), (20) 
O= Nix, +h ta +h3 £ + (hy + ho + hg)? 4. (21) 
0 = (ha + hg) (ha + hy) (hy + ho). (22) 


Of the three factors of the last of these equations, it is manifestly indifferent which we employ; 
since the conclusions which can be drawn from the consideration of any one of these three 
factors can also be drawn from the consideration of either of the other two, by merely inter- 
changing two of the three roots x,x,%3, without altering the other of those thrée roots, or the 
two remaining roots x,2, of the equation (1). We shall therefore take the first of the three 


factors of (22), namely, the equation O=ha+he; (23) 
which reduces the two equations (20) and (21) to the two following, obtained by elimination 
of hs, 0=ħ,(2}— 23) + ha(23— 2), (24) 
O=Ai(xy + x4) +l +t). (25) 

These two last equations give, by elimination of hs, 
0 =h(x1 + 24) {(£1 +24) (£1 — 24)? + (La + £3) (a — X5)}; (26) 
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in which we cannot suppose the factor x, +x, to vanish, because the relations 
0=23+Dz,+H#, 0=23+ Dr, +E, (27) 
give D= — (xi +aix, + riri + eri tei), E= (21+ 24) (ej + t), (28) 


and we have supposed that Æ does not vanish; and since, for a similar reason, we cannot 
suppose that £+ x vanishes, we see that we must conclude 


unless we can suppose that the third factor of (26) vanishes, that is, unless 
(£1 +24) (£1 — L4)? + (L2 + T3) (L2 — 2s)? = 0. (30) 


Let us then examine into the meaning of this last condition, and the circumstances under 
which it can be satisfied. 


If we put, for abridgment, Lo t%y=—, tyt =f (31) 


the condition (30) will become 
0=2}— rx — x, +2 — a+ 4af; (32) 
and we shall have, in virtue of the relations (11) (12) (13), two other equations between x4, %4, 
a, P, namely, O=23+4,4(u,-a)+22?-x,a+a?—-§£, (33) 
and O=a3-—22a+2,(a?—£)—03+ 2af; (34) 
between which three equations, (32) (33) (34), we shall now proceed to eliminate x, and z. 
For this purpose we may begin by multiplying (33) by xı, and adding the product to (32); 
a process which gives, by (34), > 9 =23—a,2,0+23 + 2a, (35) 
a relation more simple than (32). In the next place we may observe that, in general, the result 
of elimination of any variable x between any two equations of the forms 
O=p'+qat+ra?+s'a, O=p"+q'ut+r'x (36) 
is =p r" p ggr prp r rtp rg r + 3p's'p"q'r" — pis ar Nole 
—g'r'p"g r" — 24's’ pr" +g's' pg? +r pr" —r's' pg" +8'2p"8. (37) 
Applying this general formula to the elimination of x, between the equations (35) and (33), 
and making, for that purpose, 
EE I O E E C a O 
p’ =23—-x,a+a2—-f, d =x- a, A we) 
we find, after some easy reductions, 
0 = 425 — 4r + xt(8x2 — 6p) + 23( — 8? + 1408) + 22(6a4 — 12078 + 36?) 
+x (— 2&5 + Tæp — Tap?) +a! — Tath + 13a2f2— p3; (39) 
which is easily reduced by (34) to the form 
0 = 272 (2a4 — 2028 + p?) + x4(205— Ta? + af?) + a8 — 3048 + 5a?h?— p. (40) 
Again, applying the same general formula (37) to the elimination of x, between the equations 
(34) and (40), by making now 
ple —@+2a8, g=a'i—f, r'=—a, e El, 


4] 
p" =a — 3048 + 5?p?— p3, gq” =2a5— Tæ? p +afp?, r”=2at— AA au 
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we find after reductions, 

0 = 25a18 — 2500168 + 9751462 — 185001263 + 17250194 — 7000885 + 1000885, (42) 
that is, 0 = 2508(a? — 28)? (at — 3072+ f?)?. (43) 


But this condition cannot be satisfied, consistently with the suppositions which we have 
already made that neither D nor # vanishes; because, by expressions similar to (28), we have 


D= —(at—3028+2), B= —af(a2—2f). (44) 


We must therefore reject the supposition (30), and adopt the only other alternative, namely,- 
(29); and hence we have, by (9), 


S(%)=9%1, f(%2)=9%, f(%3)=9G%3, f(%s)=9%4, f(%5)=9%5. (45) 
In this manner we find, that, under the circumstances supposed in the enunciation of the 
theorem, the function flx)—qx 


vanishes, for every value of x which makes the polynome x°+ Dx+ E vanish; and since these 
values have been supposed unequal, we must have, therefore, 


f(a) -gx = (x? + Dx + E). G(x), | (46) 
the function (¢x) being rational, like f(x), and not containing 2°+ Dx + EF as a divisor; which 


was the thing to be proved. 
Corollary. It is evident that, under the circumstances above supposed, the coefficients 


B'D'E’ of (4) will be expressed as follows: 


D0, o AE Gap, eer ea (47) 
that is, the equation of the fifth degree in y will be of the form 
0=y'+Q"Dy + QE. (48) 
At the same time the relation between y and x will reduce itself, by (2) and (7), to the form 
y=Q'x+ (x°+ Dut E). p(x), (49) 
Q’ still denoting Q+q. If, then, we were to establish this additional supposition 
D’ =}B", . (50) 
in order to complete the reduction of (4) to De Moivre’s solvible form,* we should have 
Q' $= 0, (51) 
that is, O =R (52) 
the equation of the fifth degree in y would become 
y*=0, (53) 
and the relation between y and x would become 
y= (05 + Dx +B). (a); (54) 


and thus, although the equation in y would indeed be easily solvible, yet it would entirely 
fail to give the least assistance towards resolving the proposed equation of the fifth degree 


in x. 
Theorem II. If x be eliminated between a proposed equation of the fifth degree, 
xv + Axt + Ba + Cz? + Dx+ H=0, (55) 
* [L.e. the form a’ — 5b? + 5b2x — 2c=0.] 
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and an assumed equation, of the form 


y=Qx+f(x), (2) 
in which f(x) denotes any rational function of x, 

M'x + M" +... 

fla\= K'ak + Kx" +...” 

and if the constants of this function be such as to reduce the result of the elimination to the 

form y> + B’y3+ D'y+E' =0, (56) 


(3) 


independently of Q: then not only must we have 
A=0, C=0, (57) 
so that the proposed equation of the fifth degree must be of the form 
24+ Bx? + Dx+E=0, (58) 
but also the function f(x) must be of the form 
f(x) =qu+ (x5 + Br? + Dx + E). A(x), (59) 


q being some constant multiplier, and ø(x) some rational function of x, which does not contain 
the polynome z+ Bx3+Dx+E as one of the factors of its denominator; unless we have 


either, first, E=0, (60) 
or else, secondly, 5D = B?, (61) 
or, as the third and only remaining case of exception, 

59H! + 22BE?(2253D2— 3°52B2D + 33B4) + 24D?(24D? — 23B2D + Bt) =0. (62) 


Demonstrotion.—If we denote by 2, £a £z %4 X; the five roots of the proposed equation of the 
fifth degree, and put, as is permitted, 

fe) =hit+ grin f(€2)=he+Q%, f(%3)=hgt td 

f(@s)=hyt+Q%q, f(%5)=9%5, 

and Q+q=Q', (8) 

the result of the elimination of x between the two equations (55) and (2) may be denoted thus, 

(y— Qa, —hy) (y— Q'%— he) (y— O'%3 — hs) (y — Q'%4 — hy) (y — Q'H5) = 0; (10) 

and if this result is to be of the form (56), independently of Q, and therefore also of Q’, we must 

have the six following relations: Lytta ty +X, +2;=0, (11) 


(9) 


Ly Hy Xe + Lolz Ly t+ XyUqUy + UyX5y Uy + Lg LiLo +LıLgLy + UoXqUXy + Lg Lg Ly + X4XyXot+X5Xo%=0, 


(13) 

hi +ha +h +h,=0, (16) 

hillot + Log +LoLg +LgLy + LgLg +2475) +h,(&c.) +ho( &c.) +h,(&c.) =0, (63) 
hiha(£3 + x4 + x;)+hihg(&c.)+hiha(&c.)+hoha(&c.)+hahi(&c.)+hzh(&c.)=0, (64) 

| hyhghs+hyhohy+hyhghy+hghgh,=0; (19) 

of which the two first give Amt 040; (57) 
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and the three last may, by attending to the first and third, and by eliminating h,, be written 


in h(a} — 23) + hg(— a3) + hig( a — 23) =0, (20) 
Aix, + hita + h3 £+ (hy +h,+hs)’x,=0, (21) 
(ha + ħa) (ha +h) (hy +h) =0. (22) 

Selecting, as we are at liberty to do, the first of the three factors of (22), namely, 
h +ħh=0, (23) 
and eliminating h, by this, we reduce the two conditions (20) and (21) to the two following: 
hi(2}— 2) +ha(23— a8) =0, (24) 
hilXi + x4) + h3(x_+ x3) =0, (25) 

which give, by elimination of hg, 

Ai (ay + x4) {(21 +4) (L1 — L4)? + (L2 + L3) (%_—X5)?} = 0. (26) 


And from these equations (of which some occurred in the investigation of the former theorem, 
but are now for greater clearness repeated,) we see that we must have 


b= 0; lg=0,' tg= OU; Th 0, i (29) 

and therefore, by (9), : 
S(@1)=9%, f(%2)=9%2, f(%3)=9%3, f£) =a (5) =s, (45) 
unless we have either x,+2,=0, (65) 
or else (%1 +24) (%1— 24)? + (Lo +s) (La — 2X3)? =0, (30) 


or at least some one of those other relations into which (65) and (30) may be changed, by 
changing the arrangement of the roots of the proposed equation of the fifth degree. 
The alternative (65), combined with (57), gives evidently 


E=0; (60) 
but the meaning of the alternative (30) is a little less easy to examine, now that we do not 
suppose the coefficient B to vanish, as we did in the investigation of the former theorem. 


However, the following process is tolerably simple. We may conceive that 2, x, £ %4 are roots 


of a certain biquadratic equation, oh onal tae iced 0, (66) 


and may express, by means of its coefficients abcd, the symmetric functions of £i £a %z £4 
which enter into the development of the product formed by multiplying together the condi- 
tion (30), and these two other similar conditions, 


(L1 + La) (Ly — a3)" + (La +4) (La — 24)? =0, (67) 

(£1 + X2) (L1 — Wa) + (La + X4) (£3 — x4)? =0. (68) 

If we put, for abridgment, L+H Haaf, (69) 

— 24 T(2, +L) — %g%4(X +24) =g, (70) 

— XX g(%y + Wg) — Lo La(Lo + La) — L1 Xy(X + Ly) — Lo tz(La +83) =h, (71) 

{21X321 + Wg) +LoLalLa + L4)} {1 L421 +24) + XyXq(Xp+Xp)} =i, (72) 

the condition (68) will become f+g=0, (73) 
and the product of the two other conditions (67) and (66) will become 

f?+hf+i=0, (74) 
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so that the product of all the three conditions becomes 


f3 + (g+h) f?+(gh+i)f+gi=0; (75) 

and the symmetric functions f, g+h, gh+i, gi, may be expressed as follows: 
f= — a? + 3ab — 3c, (76) 
g+h=ab—3c, (77) 
gh+i=a%c — 4a*d — 2abc + 3c?, (78) 
gi=a>d — 4a°bd + 4a7cd + abc? — cè. (79) 

Again, the proposed equation of the fifth degree, 

+ Bx? + Dx+E=0, (58) 


must be exactly divisible by the biquadratic equation (66), because all the roots of the latter 
are also roots of the former; and therefore we must have 


B=b-a*, D=d-a*b, E= -—ad, (80) 
and c=ab. (81) 
This relation c=ab reduces the expressions (76) ... (79) to the following, 

f=—a*, g+th=-—2ab, gh+i=ath+a*b?-4a*d, gi=a*d; (82) 

and thereby reduces the condition (75), that is, the product of the three conditions (66) (67) (68), 
to the form — a? — 3a7b — a5b? + Bad =0, (83) 
which gives either a=0, (84) 
or else at + 3a7b + b?= 5d, (85) 
and therefore, by (80), either EH=0, (60) 
or else ED; (61) 


Thus, when we set aside these two particular cases, we see by (45), that under the circum- 
stances supposed in the enunciation of the theorem, the function f(x) — qx vanishes, for every 
value of x which makes the polynome 2° + Bx? + D+ E vanish; and that therefore if we set 
aside the third and only remaining case of exception, namely, the case in which the proposed 
equation of the fifth degree has two equal roots, and in which consequently the condition (62) 
is satisfied, the function f(x) must be of the form (59); which was the thing to be proved. 

Corollary.—Setting aside the three excepted cases (60) (61) (62), the coefficients of the 
equation (50) of the fifth degree in y will be expressed as follows, 


B’=Q"B, D'=Q"D, E'=Q°E; (86) 
and if we attempt to reduce it to De Moivre’s solvible form, by making 
Pr =F, (50) 
we find Q"*=0, (51) 
that is, Q= (52) 
so that the relation between y and x reduces itself to the form 
y = (x5 + Ba? + Dx + E). p(x), (87) 


which can give no assistance towards resolving the proposed equation (58) of the fifth 
degree in x. 
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